The stationary phase method is often employed for computing tunneling phase times of analytically-continuous gaussian or infinite-bandwidth step pulses which collide with a potential barrier. The indiscriminate utilization of this method without considering the barrier boundary effects leads to some misconceptions in the interpretation of the phase times. After reexamining the above barrier diffusion problem where we notice the wave packet collision necessarily leads to the possibility of multiple reflected and transmitted wave packets, we study the phase times for tunneling/reflecting particles in a framework where an idea of multiple wave packet decomposition is recovered. To partially overcome the analytical incongruities which rise up when tunneling phase time expressions are obtained, we present a theoretical exercise involving a symmetrical collision between two identical wave packets and a one dimensional squared potential barrier where the scattered wave packets can be recomposed by summing the amplitudes of simultaneously reflected and transmitted waves.
I. INTRODUCTION
The analytical methods utilized for reproducing the wave packet collision with a potential barrier have been widely discussed in the context of (one dimensional) scattering and tunneling phenomena [1, 2, 3] . In this extensively explored scenario, the stationary phase method (SPM) is the simplest and the most common approximation employed for obtaining the group velocity of a wave packet in a quantum scattering process which represents the collision of a particle with a square (rectangular) barrier of potential. First introduced to physics by Stokes and Kelvin [4] , the SPM essentially provides an approximate value for the maximum of an integral in an analytical procedure which enables us to understand several subtleties of interesting quantum phenomena, such as tunneling [1, 5, 6] , resonances [7] , incidence-reflection and incidence-transmission interferences [2] as well as the Hartman effect [8] and the correspondent superluminal transition time interpretation [9, 10, 11] . It is also often quoted in the context of testing different theories for temporal quantities such as arrival, dwell and delay times [1, 3, 12] and the asymptotic behavior at long times [11, 13] .
The study presented in this manuscript concerns with some limitations on the use of the SPM for obtaining the right position of a propagating wave packet subject to a very simple and common potential configuration. The limitations are not concerned with the domain of the method, i. e. with the mathematical basis and the analytical applicability of the method, they focus on the indiscriminate application of the method to time-dependent scattering problems and, in particular, for deriving phase times. The time-dependent scattering of a wave-packet by a potential barrier in the linear Schroedinger equation is interesting because it reconciles two types of wave theories. Those interested in linear theory often look at stationary (frequency-domain) solutions of a single frequency, whereas those interested in nonlinear theory usually look at time-dependent pulses. To implement the accurate analysis with the SPM, we work with the hypothesis of adding up the Fourier modes from the stationary solution to observe the evolution of a linear wave packet on collision with an obstacle. In the first part of the manuscript, the analysis of the applicability of the SPM is concentrated on the investigation of the non-relativistic diffusion of an incoming single wave packet with energy spectrum totally localized above the potential barrier. We are particularly interested in obtaining an analytical description of the above barrier diffusion problem by pointing out some interpretive problems which concern with non-conservation of probability during the collision process. In the second part of our analysis, the correct quantification of the analytical incongruities which restrict the applicability of the principle of stationary phase is extended to the study a tunneling particle where, eventually, the superluminal interpretation of transition times can be ruined. In order to organize the ideas which are discussed in the manuscript, we have stated the following division. In section II we discuss the general applicability of the SPM in a wave packet propagation problem by introducing an analytical description of the above barrier diffusion problem where we reobtain the solution for the apparent physical inconsistency which concerns with the non-conservation of probability during the collision process. By recurring to a wave packet multiple peak decomposition [14] , we can decompose the original colliding wave packet into multiple reflected and transmitted components by means of which the conservation of probabilities is recovered during the scattering process. The analytic expressions for all the reflected, transmitted and intermediary components are obtained and the validity of them is discussed in terms of an illustrative example where the analytic approximation and the reflects exactly the numerical results.
The physical framework where the study of a tunneling process is embedded is permeated by theoretical constructions presented in section III. It involves analytically-continuous gaussian pulses which due to its not well-defined front lead to ambiguities in the interpretation of the wave packet speed of propagation. Beside it, infinite bandwidth signals cannot propagate through any real physical medium (whose transfer function is therefore finite) without pulse distortion, which also leads to ambiguities in determining propagation velocity during the tunneling process. Moreover, some of the barrier transposing time definitions lead, in tunneling time conditions, to very short times which can even become negative where they may seem to contradict simple concepts of causality. To partially overcome these incompatibilities, in section IV, we discuss a theoretical exercise involving a symmetrical collision with a one dimensional square potential where we recompose the scattered wave packet by summing the amplitudes of the reflected and transmitted waves in the scope of what we classify as a multiple peak decomposition analysis [14] where the conditions for the SPM applicability are totally recovered. Finally, we draw our conclusions in section V.
II. THE ABOVE BARRIER DIFFUSION PROBLEM
The principle of stationary phase to describe the group velocity is well-established, and was employed by Sommerfeld and Brillouin in their early studies of wave propagation and group velocity [15] . The method has in time become a standard tool for several theoretical applications [16] adopted not only by physicists but also by biologists, economists etc. It can also be used in a statistical sense, such that the most likely events tend to be associated with slowly-varying phase variation in the frequency domain, and unlikely events tend to be associated with rapidly varying phase with frequency.
To illustrate the applicability of the SPM into a physical problem it should be instructive to assume an equivalence between the complex variable z and a real one k so that an integral which represents a free quantum particle propagation can be identified by the wave packet solution of the unidimensional Schroedinger equation,
with V (x) = 0, described in terms of the integral,
where we have set = 1 and the dispersion relation as E(k) = k 2 /(2m). The integral (2) can therefore be estimated by finding the place where the phase has a vanishing derivative, evaluating (approximately) the integral in the neighborhood of this point. The movement of the peak coordinate of the wave packet ψ(x, t) can be obtained by imposing the stationary phase condition
which means that the maximum of the wave packet propagates with a velocity v = k 0 m
. In fact, we ratify this result when we explicitly calculate the integral of Eq. (2) by introducing a gaussian momentum distribution given by
In this case, the result of the integration (2) give us
where
which evidently ratifies the result of Eq. (3).
Meanwhile, the method leads to some new interpretive discussion when the momentum distribution becomes a complex function, i. e. when G(k, k 0 ) has to be written as
. In this case, the stationary phase condition for a free wave packet represented by Eq. (3) will be modified by the presence of an additional phase λ(k). By assuming that λ(k) can be expanded in the neighborhood of k 0 , i. e.
the new stationary phase condition should give
As it is commonly presented in several textbooks of quantum mechanics [17] , one can be persuaded to take the stationary phase condition as a necessary and sufficient statement for applying the SPM. Nevertheless, although the principle of stationary phase can be used to predict the most likely outcome of an experiment, it does not exclude the possibility of alternative outcomes. In fact, the results of the SPM depend critically upon the manipulation of the generic amplitude G(k, k 0 ) prior to the application of the method. To clear up this
point, let us firstly analyze the diffusion of a wave packet by a squared potential V 0 when the incoming energies are higher than V 0 . The stationary wave solution of the Schroedinger equation (1) computed by considering the potential barrier described by
can be decomposed into different wave functions for each interval of x, i. e.
with q = (k 2 − w 2 ) 1 2 and w = √ 2 m V 0 . By solving the constraint equations at x = 0 and
and
The explicit expression for the correspondent propagating wave packets can be obtained by solving the integrals like
with f ≡ α, β, R, T . As first approximation which is commonly used in quantum mechanics textbooks [17] , we obtain the analytical formulas to these integrals by assuming the momentum distribution g(k − k 0 ) is sufficiently sharply peaked around a maximum point k 0 > w.
In this case, the integration can be extended from [w, ∞] to [−∞, ∞] without modifying the final result. However, in the sense we are investigating, as we shall demonstrate in the following, it is erroneously assumed that the k-dependent phase terms Θ(k) and q can be approximately described by a series expansion around k = k 0 up to the first order term, i.
e.
At the same time, when k is approximated by k 0 , it is assumed that the modulating amplitude |φ f (k, x)| can be put out of the integral giving the following results,
By observing the gaussian shape of ϕ[x, t] given by Eq. (6), one can easily (but wrongly!) identify the position of the peak of the wave packets. The times corresponding to the position x of the incident and reflected wave packet peaks would be respectively given by
. Only x < 0 is physical in this result since these waves, by definition, lie in region I. Since the phase of the incoming wave contains only the plane wave factors, i.e. it is devoid of Θ(k), the incoming peak reaches the barrier at x = 0 at time
(neglecting interference effects). The presence of the phase term Θ
for t R (x) would imply a time delay, or a time advance, which depends on the signal of Θ ′ (k 0 ), for the reflected wave with respect to the incident one, i.e.
It is analogous to what happens for the step potential tunneling penetration when E < V 0 [17] . When 0 < x < L in region II, the times for the "intermediary" α and β wave packet peaks would be given by
And finally, when x > L in region III, the peak of the transmitted wave packet would be written as
The above results (18-21) could be directly obtained by applying the SPM to the wave functions ψ f (x, t) expressed in Eq. (15), where the stationary phases for each decomposed wave component f would be given by
Meanwhile, these time-dependencies must be carefully interpreted. In the Fig.( 2), we illustrate the wave packet diffusion described analytically by the results of Eq. (17). The "pictures" display the wave function in the proximity of the barrier for suitably chosen times. By taking separately the right (α) and left (β) moving components in region II, independent of the value of Θ(k), we can observe that
which should corresponds to transit time values "classically" expected. However, by considering the information carried by the wave packet peaks, we would have a complete time discontinuity at x = 0 represented by Eq. (19) and by the fact that
i. e. the α wave could appear in region II at a time t α (0) before (or after) the incident wave having arrived at x = 0. Both results expressed by Eqs. (19) and (24) which are illustrated in Fig. 2 should imply the non-conservation of probabilities. It is, by principle, unacceptable.
To be more accurate with this analysis and clear up some dubious points, it should be more convenient to verify two simple particular cases. In order to simplify the calculations,
we set x 0 = 0 and we choose q 0 L = nπ (n = 1, 2, 3, ...) so that we can write,
so that
Otherwise, if we choose q 0 L = (n + )π, we shall obtain,
which gives
The latter negative value corroborates with the absurd possibility of the peak associated with the α wave appears before the peak of the incident wave packet arrival at x = 0. In fact, we must observe that if we proceed with a more general analysis, the phase derivative Θ ′ (k) does not present a regular behavior. It oscillates very rapidly, as we can observe in 
The continuity constraints over ψ(x, t) for each potential step at x = 0 and x = L determine the coefficients
and establish the recurrence relations
which allow us to write the sum of the coefficients R n , α n , β n , and T n as
These sums reproduce exactly the expressions in Eq. (12) . In this form the interpretation is easy. R 1 represents the first reflected wave (it has no time delay since it is real). R 2 represents the second reflected wave and, as a consequence of the continuity condition at x = 0, it is the sum, in region II, of the first left-going wave (β1) and the second right-going amplitude (α2), i.e.
This structure is that given by considering two "step functions" back-to-back. Thus at each interface the "reflected" and "transmitted" waves are instantaneous i. e. without any delay time.
Now we can calculate the time at which each transmitted or reflected wave appears by applying the SPM for each component of the total transmitted T or reflected R coefficients.
It will give us the recurrence relation
which coincides with the "classically" predicted value for the velocity of the particle above the barrier. Indeed the SPM applied separately to each term in the above series expansion
This agrees perfectly with the fact that since the peak momentum in region II is q 0 , the α and β waves have group velocities of q 0 /m and hence transit times (one way) of (m/q 0 ) L. The first transmitted peak appears (according to this version of the SPM) after a time (m/q 0 ) L, in perfect agreement with the above interpretation.
Is this compatible with probability conservation? It is because of the following identity
This result is by no means obvious since it coexists with the well-known result, from the plane wave analysis,
To conclude, we can state that the conditions for applying the SPM depend upon the correct manipulation of the amplitude. A posteriori this seems obvious but the point is that unless we know the number of separate peaks the SPM is ambiguous. There is, however, a converse to this question. If the modulating function is such that two or more wave packets overlap, then we cannot treat them separately without considering all the interference effects. The above barrier analysis is simply a particular example of this ambiguity.
In order to obtain an analytic formula for the wave packet propagation, we consider the gaussian momentum distribution given by Eq. (4). Using the linear approximation for the momentum q given by (16) and considering the expressions in (33) resulting from the multiple peak decomposition in (15) , again, with the same pertinent approximations used for obtaining (17), we can analytically construct the following simplified expressions
( 37) which allow us to visualize the multiple peak decomposition illustrated in Fig. 3 . By comparing with the exact numerical results, the analytic approximations expressed in (37) will be valid only under certain restrictive conditions. To explain such a statement, when we analytically solve the integrals like (15), the exponential exp [2 i q L] which appears in the recurrence relations (32) are approximated by
In this case, the above analytic expressions can be obtained only when the exponential function does not oscillate in the interval of relevance of the envelop gaussian function
e. when ∆q L < π, which can be expressed in terms of the wave packet width
where we have used ∆k ≈ 1/a. The above constraint implicitly carries a very peculiar character: the multiple peak decomposition can also be evidenced when the wave packet width a is larger than the potential barrier width L, i. e. when we assume the relation k 0 /q 0 is in the interval 1 < k 0 /q 0 < π we can have propagating wave packets with a > L satisfying the requirements for the multiple peak resolution (37).
III. LIMITATIONS ON THE TUNNELING TIME ANALYSIS
On the theoretical front, people have tried to introduce quantities that have the dimension of time and can somehow be associated with the passage of the particle through the barrier or, strictly speaking, with the definition of the tunneling time. Since a long time these efforts have led to the introduction of several time definitions [6, 11, 18, 19, 20, 21, 22, 23, 24, 25] , some of which are completely unrelated to the others, which can be organized into three groups: (1) The first group comprises a time-dependent description in terms of wave packets where some features of an incident wave packet and the comparable features of the transmitted packet are utilized to describe a delay as tunneling time [1] . (2) In the second group the tunneling times are computed with basis on averages over a set of kinematical paths, whose distribution is supposed to describe the particle motion inside a barrier, i. (where x(t) represents the Feynman paths initiated from a point on the left of the barrier and ending at another point on the right of it [26] ). The Wigner distribution paths [6] , and the Bohm approach [27, 28] are included in this group. (3) In the third group we notice the introduction of a new degree of freedom, constituting a physical clock for the measurements of tunneling times. Separately, it stands by itself the dwell time approach. The time related to the tunneling process is defined by the interval during which the incident flux has to exist and act, to provide the expected accumulated particle storage, inside the barrier [3] . The methods with a Larmor clock [18] or an oscillating barrier [29] are comprised by this group.
There is no general agreement [9, 25] very short times which can even become negative, precipitately inducing to an interpretation of violation of simple concepts of causality. Otherwise, negative speeds do not seem to create problems with causality, since they were predicted both within special relativity and within quantum mechanics [23] . A possible explanation of the time advancements related to the negative speeds can come, in any case, from consideration of the very rapid spreading of the initial and transmitted wave packets for large momentum distribution widths. Due to the similarities between tunneling (quantum) packets and evanescent (classical) waves, exactly the same phenomena are to be expected in the case of classical barriers (we can mention the analogy between the stationary Helmholtz equation for an electromagnetic wave packet -in a waveguide, for instance -in the presence of a classical barrier and the stationary Schroedinger equation, in the presence of a potential barrier [3, 11, 30] ). The existence of such negative times is predicted by relativity itself, on the basis of the ordinary postulates [25] , and they appear to have been experimentally detected in many works [31, 32] .
In this extensively explored scenario, the first group quoted above contains the so-called phase times [33, 34] which are obtained when the stationary phase method (SPM) is employed for obtaining the times related to the motion of the wave packet spatial centroid which adopts averages over fluxes pointing in a well-defined direction only, and has recourse to a quantum operator for time [25] . Generically speaking, the SPM essentially enables us to parameterize some subtleties of several quantum phenomena, such as tunneling [1, 5, 6] , resonances [7] , incidence-reflection and incidence-transmission interferences [2] as well as the Hartman Effect [8] and its superluminal traversal time interpretation [3, 11, 25] . In fact, it is the simplest and commonest approximation method for describing the group velocity of a wave packet in a quantum scattering process represented by a collision of a particle with a potential barrier [3, 8, 14, 19, 25, 34] .
In the following, our attention is particularly concentrated on some limitations on the use of the SPM for deriving tunneling times for which we furnish an accurate quantification of the analytical incongruities which restrict the applicability of this method. We introduce a theoretical construction involving a symmetrical collision with a unidimensional square potential where the scattered wave packets can be reconstructed by summing the amplitudes of the reflected and transmitted waves in the scope of what we denominate a multiple peak decomposition analysis [14] in a manner that the analytical conditions for the SPM applicability are totally recovered.
Generically speaking, the SPM can be successfully utilized for describing the movement of the center of a wave packet constructed in terms of a momentum distribution g(k − k 0 ) which has a pronounced peak around k 0 . By assuming the phase which characterizes the propagation varies sufficiently smoothly around the maximum of g(k − k 0 ), the stationary phase condition enable us to calculate the position of the peak of the wave packet (highest probability region to find the propagating particle). With regard to the tunneling effect, the method is indiscriminately applied to find the position of a wave packet which traverse a potential barrier.
For the case we consider the potential barrier
it is well known that the transmitted wave packet solution (x ≥ L/2) calculated by means of the Schroedinger formalism is given by [17] 
where, in case of tunneling, the transmitted amplitude is written as
and the phase shift is described in terms of
for which we have made explicit the dependence on the barrier length L and we have adopted 
The above result is frequently adopted for calculating the transit time t T of a transmitted wave packet when its peak emerges at x = L/2,
where we have defined the parameter α = (
L. The concept of opaque limit is introduced when we assume that k max is independent of L and then we make α tends to ∞ [11] . In this case, the transit time can be rewritten as
In the literature, the value of k max is frequently approximated by k 0 , the maximum of g(k−k 0 ), which, in fact, does not depend on L and could lead us to the transmission time superluminal interpretation [9, 11, 35] of (46). To clear up this point, we notice that when we take the opaque limit with L going to ∞ and w fixed as well as with w going to ∞ and L fixed, with k 0 < w in both cases, the expression (46) suggests times corresponding to a transmission process performed with velocities higher than c [11] . Such a superluminal interpretation was extended to the study of quantum tunneling through two successive barriers separated by a free region where it was theoretically verified that the total traversal time does not depend not only on the barrier widths, but also on the free region extension [9] . Besides, in a subsequent analysis, the same technique was applied to a problem with multiple successive barrier where the tunneling process was designated as a highly non-local phenomenon [35] .
It would be perfectly acceptable to consider k max = k 0 for the application of the stationary phase condition when the momentum distribution g(k −k 0 ) centered at k 0 is not modified by any bound condition. This is the case of the incident wave packet before colliding with the potential barrier. Our criticism concern, however, with the way of obtaining all the above results for the transmitted wave packet. It does not have taken into account the bounds and enhancements imposed by the analytical form of the transmission coefficient.
Hartman himself had already noticed that the " Discussion of the time dependent behavior of a wave packet is complicated by its diffuse or spreading nature; however, the position of the peak of a symmetrical packet can be described with some precision"
To perform the correct analysis, we should calculate the right value of k max to be substituted in Eq. (45) before taking the opaque limit. We are obliged to consider the relevant amplitude for the transmitted wave as the product of a symmetric momentum distribution g(k − k 0 ) which describes the incoming wave packet by the modulus of the transmission amplitude T (k, L) which is a crescent function of k. The maximum of this product representing the transmission modulating function would be given by the solution of the equation
Obviously, the peak of the modified momentum distribution is shifted to the right of k 0 so that k max have to be found in the interval ]k 0 , w[. Moreover, we confirm that k max presents an implicit dependence on L as we can demonstrate by the numerical results presented in Table 1 where we have found the maximum of
By increasing the value of L with respect to a, the value of k max obtained from the numerical calculations to be substituted in Eq. (45) also increases until L reaches certain values for which the modified momentum distribution becomes unavoidably distorted. In this case, the relevant values of k are concentrated around the upper bound value w. We shall show in the following that the value of L which starts to distort the momentum distribution can be analytically obtained in terms of a.
Now, if we take the opaque limit of α by fixing L and increasing w, the above results immediately ruin the superluminal interpretation upon the result of Eq. (45) since t OL T tends to ∞ when k max is substituted by w.
Otherwise, when w is fixed and L tends to ∞, the parameter α calculated at k = w becomes indeterminate. The transit time t T still tends to ∞ but now it exhibits a peculiar dependence on L which can be easily observed by defining the auxiliary function
which allow us to write
When α ≫ 1, the transmission time always assume infinite values with an asymptotic
Only when α tends to 0 we have an explicit linear dependence on L given by
In addition to the above results, the transmitted wave must be carefully studied in terms of the rapport between the barrier extension L and the wave packet width a. For very thin barriers, i. e. when L is much smaller than a, the modified transmitted wave packet presents substantially the same form of the incident one. For thicker barriers, but yet with L < a, the peak of the gaussian wave packet modulated by the transmission coefficient is shifted to higher energy values, i. e. k max > k 0 increases with L. For very thick barriers, i. e.
when L > a, we are able to observe that the form of the transmitted wave packet is badly distorted with the greatest contribution coming from the Fourier components corresponding to the energy w just above the top of the barrier in a kind of filter effect. We observe that the quoted distortion starts to appear when the modulated momentum distribution presents a local maximal point at k = w which occurs when
Since the derivative of the gaussian function g(k − k 0 ) is negative at k = w, the Eq. (53) gives the relation
which effectively represents the inequality
Due to the filter effect, the amplitude of the transmitted wave is essentially composed by the plane wave components of the front tail of the incoming wave packet which reaches the first barrier interface before the peak arrival. Meanwhile, only whether we had cut the momentum distribution off at a value of k smaller than w, i. e. k ≈ (1 − δ)w, the superluminal interpretation of the transition time (46) could be recovered. In this case, independently of the way as α tends to ∞, the value assumed by the transit time would be approximated by t α T ≈ 2 m/w δ which is a finite quantity. Such a finite value would confirm the hypothesis of superluminality. However, the cut off at k ≈ (1 − δ)w increases the amplitude of the tail of the incident wave as we can observe in Fig. 4 . It contributes so relevantly as the peak of the incident wave to the final composition of the transmitted wave and creates an ambiguity in the definition of the arrival time.
IV. ONE DIMENSIONAL POTENTIAL SYMMETRICAL SCATTERING FOR E < V 0
In order to recover the scattered momentum distribution symmetry conditions for accurately applying the SPM, we assume a symmetrical colliding configuration of two wave packets traveling in opposite directions. By considering the same barrier represented in (40), we solve the Schroedinger equation for a plane wave component of momentum k for two identical wave packets symmetrically separated from the origin x = 0, at time of collision t = −(mL)/(2k 0 ) chosen for mathematical convenience, where we assume they perform a totally symmetric simultaneous collision with the potential barrier. The wave packet reaching the left(right)-side of the barrier is represented by
where we assume the integral can be naturally extended from the interval [0, w] to the interval [−∞, +∞] as a first approximation. By assuming that φ L(R) (k, x) are Schroedinger equation solutions, at the time t = −(mL)/(2k 0 ) i. e. when the wave packet peaks simultaneously reach the barrier, we can write
where the upper(lower) sign is related to the index L(R). By assuming the constraints which require the continuity of φ L,R and their derivatives at x = −L/2 and x = L/2, after some mathematical manipulations, we can easily obtain
where Θ(k, L) is given by the Eq. (43) and
are intersecting each other. By analogy with the amplitude addition procedure we have adopted in the multiple peak decomposition scattering [14] , such a pictorial configuration obliges us to sum the intersecting amplitude of probabilities before taking their squared modulus in order to obtain
The important information we get from the relation given by (59) is that, differently from the previous standard tunneling analysis, by adding the intersecting amplitudes at each side of the barrier, we keep the original momentum distribution undistorted since the modulus
At this point we recover the most fundamental condition for the applicability of the SPM which allows us to accurately find the position of the peak of the reconstructed wave packet composed by reflected and transmitted superposing components.
The phase time interpretation can be, in this case, correctly quantified in terms of the analysis of the new phase ϕ(k, L). By applying the stationary phase condition to the recomposed wave packets, the maximal point of the scattered amplitudes
(k, L)| are accurately given by k max = k 0 so that the traversal/reflection time or, more generically, the scattering time, results in
with α previously defined. It can be said metaphorically that the identical particles represented by both incident wave packets spend a time of the order of t In this case, the assumption of there (not) existing interference between the momentum amplitudes of the reflected and transmitted at the discontinuity points x = −L/2 and x = L/2 is purely arbitrary. Consequently, it is important to reinforce the argument that such a possibility of interference leading to different phase time results is strictly related to the idea of using (or not) the multiple peak (de)composition in the region where the potential barrier is localized.
In order to illustrate the difference between the standard tunneling phase time t T and the alternative scattering phase time t ϕ T we introduce the new parameter n = k 2 max /w 2 and the classical traversal time τ = (mL)/k max in order to define the rates
which are plotted in the Fig.(5) for some discrete values of n varying from 0.1 to 0.9, from which we can obtain the most common limits given by
Both of them present the same asymptotic behavior which, at first glance, recover the theoretical possibility of a superluminal transmission in the sense that, by now, the SPM can be correctly applied since the analytical limitations are accurately observed. At this point, it is convenient to notice that the superluminal phenomena, observed in the experiments with tunneling photons and evanescent electromagnetic waves [5, 36, 37, 38] , has generated a lot of discussions on relativistic causality. In fact, superluminal group velocities in connection with quantum (and classical) tunnelings were predicted even on the basis of tunneling time definitions more general than the simple Wigner's phase-time [34] (Olkhovsky et al., for instance, discuss a simple way of understanding the problem [25] ). In a causal manner, it might consist in explaining the superluminal phenomena during tunneling as simply due to a reshaping of the pulse, with attenuation, as already attempted (at the classical limit) [39] , i. e. the later parts of an incoming pulse are preferentially attenuated, in such a way that the outcoming peak appears shifted towards earlier times even if it is nothing but a portion of the incident pulse forward tail [5, 40] . In particular, we do not intend to extend on the delicate question whether superluminal group-velocities can sometimes imply superluminal signalling, a controversial subject which has been extensively explored in the literature about the tunneling effect ( [25] and references therein).
Turning back to the scattering time analysis, we can observe an analogy between our results and the results interpreted from the Hartman Effect (HE) analysis [8] . The HE is related to the fact that for opaque potential barriers the mean tunneling time does not depend on the barrier width, so that for large barriers the effective tunneling-velocity can become arbitrarily large, where it was found that the tunneling phase-time was independent of the barrier width. It seems that the penetration time, needed to cross a portion of a barrier, in the case of a very long barrier starts to increase again after the plateau corresponding to infinite speed proportionally to the distance [41] . Our phase time dependence on the barrier width is similar to that which leads to Hartman interpretation as we can infer from . However, it is important to emphasize that the wave packets for which we compute the phase times illustrated in the Fig.(5) are not effectively constructed with the same momentum distributions. The phase Θ(k, L) appears when we treat separately each
appears when we sum the amplitudes on the same side of the barrier. The summed amplitude corresponds to a recomposed symmetrical momentum distribution for which the SPM will give the time-position of the peak of the corresponding wave packet. In this sense, for overcoming the abovementioned incongruities, we have reconsidered the use of the multiple peak decomposition technique previously presented in the study of the above barrier diffusion problem [14] V. CONCLUSION
In this manuscript we have discussed the wave packet multiple peak decomposition in order to identify some incongruities due to erroneous application of the method of stationary phase for deriving phase times related to wave packets scattered by a unidimensional potential barrier. The main point on which we have elaborated shows us that the results of the SPM depend critically upon the manipulation of the amplitude prior to the application of the method. The method is inherently ambiguous unless we know, by some other means, at least the number of separate peaks involved. By analyzing the above barrier diffusion problem, we have demonstrated that the barrier results can be obtained by treating the barrier as a two-step process. This procedure involves multiple reflections at each step and predict the existence of multiple (infinite) outgoing peaks.
In the same analysis which generically involves analytically-continuous gaussian pulses, holomorphic functions which do not have a well-defined front, we have quantified some aspects inherent to the tunneling phenomenon. We have observed that the amplitude of the transmitted wave is essentially composed by the plane wave components of the front tail of the incoming wave packet which reaches the first barrier interface before the peak arrival.
As we have noticed, this filter effect by itself leads to ambiguities in the interpretation of the wave packet speed of propagation. To overcome these incompatibilities which leads to the misconception of the tunneling phase time, we have considered the multiple peak decomposition technique in a suitable way for comprehending the conservation of probabilities for a very particular tunneling configuration. An example for which, we believe, we have provided a simple but convincing resolution, since the asymmetry presented in the previous case was eliminated, and the phase times could be accurately computed.
We let for a subsequent analysis the suggestive possibility of investigating the validity of our approach when confronting with the intriguing case of multiple opaque barriers [35] , in particular, in the case of non-resonant tunneling. Still concerning with the future theoretical perspectives, the symmetrical colliding configuration also offers the possibility of exploring some applications involving soliton structures. In summary, the above discussion reinforces the assertion that the investigation of wave propagation across a tunnel barrier has always been an intriguing subject which is wide open both from a theoretical and an experimental point of view. 
